Rutgers University: Algebra Written Qualifying Exam
January 2006: Day 2 Problem 4 Solution

Exercise. Prove that every group of order 6 is either isomorphic to the cyclic group Z/6Z or to
the symmetric group Ss.

If |G| =2 -3, then by the third Sylow theorem
ng =1 mod 3 and ns | 2 - nsg =1
ne =1 mod 2 and ny | 3 - ne =1 or 3

If ng = 1 and ny = 1 then the Sylow 3-subgroup, P, and the Sylow 2-subgroup, P», are both
normal in G.
| Po| - [P _2-3

P2P3§G and ’P2P3|: ’PQP‘_ 1
2 3

=Gl
— G = PP

Since G = P,P; and both P,, P; normal in G,
G=EPX Py
And since |P;| = 2 and | P3| = 3, which are both prime, P, and |Ps| are cyclic
— G YTy x Ty = T
If G % Zg, then ng = 1 and ny = 3.
There are 1(3 — 1) = 2 elements of order 3 and 3(2—1) = 3 elements of order 2

= G = {67917927g37 h7 h2}7 where O(gl) = 0(92) = 0(93) =2 and O<h) = O(hQ) =3

htg — ghtgi—candhg#gi—c —>  olgh) #1and o(hg) # 1
—— ~——
o(g:)=2 o(gi)=2

hitgte = WAghthandhP£hg#h =  olgh) #3 and o(hg;) # 3

o(gih) = o(hg;) =2 = g; = gih = g:;h (g:h°q;) = (g:h)* K*g; = K’ st. j#1
\ﬁf—/ N——
and gj, := hg; = hg; (hg; h2) (hgi)?gih® = g:ih® = gjh st i#k#j
~——

e

So, h® = e = g? for any 4, and for distinct 7, j and k: So (G, -) must be defined by
) 5 “lela|glg|h|W
gih = h"g; = g; hgi = gih”™ = g elelagi|galgs| h|R?
g:9; = gi(g:h) = glz h=nh g;9: = (h*g;)gi = h* gz = gilagi|e || h|g)|gs
ey ~ g2l 92| h e P lgs|a
h*| h | e
gkgi = (hgi)gi =h gi =h 9igk = gi(gih?) = g7 h* =h*| 93 93 91 | 92
o= ) ~ ol Q’i hlhlgslonlg|[h] e
h* | h? e | h
9i0% = (9,9:) (9i9x) = I h=h gig; = (909:) (9:9;) = I’ 219819
YT e TT and G = S3




